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Third and higher order quantum virial coefficients require the solution of the corresponding quantum many-
body problem. Nevertheless, in an earlier paper ( Phys. Rev. Lett. 108, 260402 (2012) ) we proposed that the
higher-order cluster integrals of a dilute unitary fermionic gas may be approximated in terms of the two-body
cluster, together with an appropriate suppression factor. Although not exact, this ansatz gave a fair agreement
up to fugacity z ≈ 6 with the experimentally obtained equation of state. The objective of the present note is to
give some physical arguments in favor of this ansatz.
PACS numbers: 03.75.Ss 05.30.Fk, 64.10.+h
Experimentally, it is feasible to adjust the interatomic in-
teraction in a gas using Feshbach resonance [1, 2]. When
this is adjusted such that the two atoms are just shy of bind-
ing (scattering length → ±∞), the gas is called unitary. In
recent times, there has been considerable experimental ac-
tivity on obtaining the thermodynamic properties of a uni-
tary fermionic gas [3–6]. It was proposed long back that the
equation of state (EOS) of a unitary gas is universal [7], in
the sense that when the thermodynamic variables are appro-
priately scaled, the EOS of different atomic gases obey the
same universal curve. This has been verified experimentally,
and has given fresh impetus to the theoretical understanding
of such a gas [8–10]. From a theoretical point of view, the
EOS of a gas may be obtained from a (quantum) virial ex-
pansion of the grand potential in powers of the fugacity z.
However, the virial coefficient of the lth order term requires a
solution of the quantum l-body problem – a formidable task
for l > 2. In a recent paper [11], an ansatz was introduced
for the higher virial coefficients (for l ≥ 3 ) of a unitary di-
lute fermionic gas, that stated that these higher virial coeffi-
cients at high temperatures may approximately be obtained
by the second virial coefficient multiplied by an appropriate
suppression factor. This is not possible away from unitarity
since the clusters of different orders have different temper-
ature dependence [12]. This ansatz for the interaction part
of the virial coefficients could fit the experimental data of an
untrapped gas up to about z = 6 (see Fig. 3). The ratio-
nale for assuming that it is the two-body cluster integral that
matters in determining the EOS of a unitary gas comes from
the realization [14] that it is still a very dilute system, with
particles primarily undergoing binary scattering. A bigger
cluster of particles may be looked upon as mainly a collec-
tion of nonoverlapping two-body clusters, provided z is not
too large. Note, however, that ∆b2 = 1/
√
2 is only for two
atoms with antiparallel spins, where as in a large cluster there
are pairs with antiparallel as well as parallel spins. In the lat-
ter, the atoms do not interact. In our method, this overcount-
ing is taken care of (in an average sense) by the suppression
factor. This is only possible at unitarity, where all the cluster
integrals are taken to be temperature independent.
Following the notation of Ref. [11], the grand potential is
defined as Ω = −τ lnZ , where Z(β, z) is the grand partition
function, β = τ−1 = 1/(kBT ) is the inverse temperature,
and z = exp(βµ) is the fugacity. The part of the grand po-
tential coming from the interaction between the atoms may
be expanded in a power series of z and written as
Ω− Ω(0) = −τZ1(β)
∞∑
l=2
(∆bl)z
l . (1)
The grand potential of the ideal Fermi gas is denoted by Ω(0),
and is given by Ω(0) = −τZ1(β)f5/2(z), where fν(z) is the
usual Fermi integral [13]
fν(z) =
1
Γ(ν)
∫ ∞
0
dy
y(ν−1)
1 + z−1ey
. (2)
In Eq. (1), Z1(β) is the one-body partition function, and
∆bl is the l-particle interaction part of the cluster integral.
For an untrapped gas in volume V , we have Z1(β) =
2(V/λ3), where spin degeneracy of 2 is included and λ =
(2pih¯2β/m)1/2 is the thermal wave length. For a unitary gas,
the interaction part of the cluster integrals ∆bl’s are tem-
perature independent in the high temperature limit. Even
though the virial expansion (1) for the interaction part con-
verged well even for large z, such was not the case for the
statistical part Ω(0). Therefore its exact form by comput-
ing the Fermi integral was used, rather than its fugacity ex-
pansion. From Eq. (1), we see that the interaction part of
the grand potential requires a knowledge of ∆bl’s. We pro-
ceed to obtain these assuming that its major contribution is
coming from two-body physics. It was assumed in Ref. [11]
that at unitarity, ∆bl could be obtained from ∆b2 by apply-
ing an appropriate suppression factor. We emphasize that
the temperature-independent∆bl’s at unitarity were obtained
only when the quantum expressions were taken to the high
temperature limit. There is some justification, then, in do-
ing a semiclassical analysis by imposing the Pauli principle
to the interaction bonds. This has a huge effect on the count-
ing of bonds. For example, consider the three-body problem.
On applying the Pauli principle, we see that the linked clus-
ter triangle diagram linking all three particles with interaction
bonds is not allowed. This is because two spin-up identical
atoms cannot interact at zero-range in the relative s-state.
To understand the suppression factor due to Pauli principle,
consider a cluster with l fermionic atoms. Choose any one of
2them as a test particle, interacting pairwise with the fermions
in the remaining (l − 1)-particle cluster. Our objective is to
examine how the two-body bonds involving the test particle
with the rest may get suppressed due to the Pauli blocking.
Let N(l−1) denote the number of two-body pairs in a cluster
with (l − 1) fermions. To illustrate with the simplest exam-
ple, let l = 3. For this case N(l−1) = (l − 1)(l − 2)/2 = 1,
and the test particle sees only one pair, as shown in Fig. 1.
In Fig. 1(a), we assume that the test particle has spin up, and
(a) (b)
(c) (d)
FIG. 1. (Color online) Interactions in three-particle clusters. Effec-
tive two-particle interactions between the test particle and the pair
are indicated by the dashed line connecting the particles.
the pair consists of one spin-up and the other spin-down par-
ticle. Since the interaction is a zero-range (s-state) potential,
the test particle interacts with only one of the two possible
bonds. Thus there is a suppression factor of 2 due to the Pauli
principle. In Fig. 1(b), the test particle is still spin-up, but the
two particles in the pair are both spin-up. In this situation,
the test particle cannot interact with either of the particles in
the pair. In Figs. 1(c) and 1(d), the test particle is spin down.
We see that in 1(d) the test particle now interacts with both
the particles in the pair, thus the average suppression of (b)
and (d) is still a factor of 2. Next, we examine the l = 4 case
shown in Fig. 2. Now a test particle within this cluster sees a
three-particle cluster, which may be looked upon, in the dilute
gas, as three pairs. For every pair that the test particle sees,
there is a suppression factor of 2, so that the net suppression
factor is 23. Extending this line of reasoning to higher order
clusters, we apply a suppression factor of 2N(l−1) in the num-
ber of two-body bonds within a l-body cluster. What about
the sign of ∆bl ? Note that for the ideal Fermi gas, the statis-
tical virial clusters b(0)l ’s have an alternating factor (−1)(l+1).
Since the Pauli principle gives an effective repulsive effect, in
contrast to the attractive potential at unitarity, we expect the
∆bl’s to be of opposite signs to b(0)l ’s.
Using these reasonings, we write down the equation for
FIG. 2. (Color online) Four-particle cluster. A test particle effec-
tively sees three pairs.
∆bl’s that was given in [11] :
∆bl = (−)l (∆b2)
2N(l−1)
, l ≥ 2. (3)
In the above, as stated earlier, N(l−1) = (l − 1)(l − 2)/2 is
the number of pairs in a cluster with (l − 1) fermions. For
l = 2, N1 = 0, and Eq. (3) is an identity. Since ∆b2 = 1√2
is known analytically [15], all the higher virial coefficients
can be found using our Eq. (3). The third virial coefficient
has been calculated very accurately [16, 17] up to 12 decimal
figures to be −0.3551.... Our formula gives ∆b3 = − 12√2 =
−0.3536... For l = 4, we get ∆b4 = 18√2 = 0.088.., to
be compared with the value based on measurements, 0.096±
0.015 [3].
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FIG. 3. (Color online) Incremental pressure as a function of fugacity.
The numbers labelling the curves indicate the maximum l-value that
is included in the sum of Eq. (4). The curves with l = 9, 10, 20 show
no discernible difference. The insert has a logarithmic horizontal
scale indicating a range of z values from 0.2 to 10. The tic mark
corresponds to z = 1. The experimental data is taken from Ref. [3].
The alternating signs in Eq. (3) are borne out by experi-
mental data, up to at least l = 8. (See Fig. 3.) Using Eq. (1),
we get
∆P
P (0)
=
∑∞
l=2(∆bl)z
l
f5/2(z)
, (4)
3where P is the pressure of the interacting gas, and P (0) the
pressure of an ideal Fermi gas at the same value of z, and in
the same volume. In the above equation, ∆P = P − P (0)
shows that a positive ∆bl increases the pressure from its ideal
value, where as a negative ∆bl decreases it. This is seen
clearly in Fig. 3, where the incremental contribution to the
pressure is shown by taking the upper limit in the summation
of l at l = 2, 3, 4.. etc. In the curve labelled 3, for exam-
ple, only the contributions from ∆b2 and ∆b3 are included.
The alternating signs (−1)l ensure that the virial series for
the EOS follows the experimental points closely. It is evident
from Fig. 3 that the series converges since terms involving
l > 9 do not change the sum.
We note that in general the l-body quantum problem has
to be solved in order to obtain the cluster integral ∆bl. We
have argued, however, that in the high temperature limit of a
dilute unitary gas, the main contribution to the l-body clus-
ter comes from two-body physics. It is essential to go to
the high temperature limit where the virial coefficients are
temperature independent, and semiclassical arguments may
be made. The qualitative physical arguments led us to pro-
pose Eq. (3). Since it is able to match the experimental data
well, this presentation may encourage others to do a more
quantitative derivation of the equation.
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